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— Abstract 

fN| Dynamical hysteresis is a phenomenon which arises in ferromagnetic systems below the critical 

,_^ temperature as a response to adiabatic variations of the external magnetic field. We study the 

^ problem in the context of the mean-field Ising model with Glauber dynamics, proving that for 

frequencies of the magnetic field oscillations of order A'^" s , A'' the size of the system, the "critical" 

00 hysteresis loop becomes random. 

(N 

^^ Abstract 

Q^ L'hysteresis dynamique est un phenomene qu'on observe dans les systemes ferromagnetiques 

Q, au-dessous de la temperature critique, en reponse a des variations adiabatiques du champ magnetique 

exterieur. Nous etudions le probleme dans le contexte du modele d'Ising de champ moyen avec la 
dynamique de Galuber, en montrant que, pour des frequences d'oscillations du champ magnetique 



^ 



C^ d'ordre de A'^ ^'^, avec A'^ la taille du systeme, la boucle d'hysteresis "critique" devient aleatoire. 
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1 Introduction 



Dynamical hysteresis is a phenomenon which appears when a time dependent magnetic field h = h{t) 
is applied to a ferromagnct whose temperature is kept fixed below the critical value. The origin of the 
\^^ phenomenon lies in the fact that at every value of the external magnetic field h may not correspond 

l/~j a unique value of the magnetization m of the system. The value of m{t) is, thus, not determined by 

1^ h{t) alone but also by the previous history of the input. 

C^ We refer to [Be^ for a complete description of the phenomenon and to \Vi^ for a comprehensive 

^— I illustration of the results on the differential models of hysteresis. Here we briefly sketch the main 

'"^ features underlining the aspects which will be considered in the present paper. 

J> Let he > Q he the "coercive magnetic field" value, then for \h\ < he the magnetization density of 

the ferromagnet may have two values, m^{h) and m_{h) (see Figure II]). The upper branch m.^{h) 
continues past he while it disappears for h < —he] the opposite holds for the lower branch m^{h). 
J^ Let us apply, now, a slowly oscillating magnetic field h{t). We denote, respectively, by A and u 

the amplitude and the frequency of the oscillations (we choose, for instance, h{t) = —Acos{ujt)). 
Let m{t) be the magnetization observed at time t and choose initially m{0) ~ to_|_(/i(0)). In the 
adiabatic (quasi-static) regime, where w is very small, the following is observed, li A < he then 
m{t) w m^{h{t)) for any i > 0. If A > h^ ra{t) traces out the so called hysteresis loop, in the sense 
that m{t) e {?7i_|_(/i(i)), TO_(ft,(t))} (approximately), jumping from the upper to the lower branch when 
h{t) crosses —he and the opposite when h{t) crosses he- A sharp statement (which avoids the above 
approximated statements) can be obtained in "the adiabatic limit" where a; — > 0. 
The pediod of the magnetic field oscillations is of order w~^, thus, in the adiabatic regime the natural 
time-scale of the dynamics is very long. In long time intervals other phenomena may appear which in 
short time intervals are negligible and which may invalidate the picture. Therefore we include in the 




Figure 1: The picture shows the dependence of the magnetization density on the external magnetic 
field h. It can assume one of the values m±{h). 



model the effects of small stochastic perturbations. The issue has been modeled in |BGH lBG2l IBG3] 
by the stochastic ODE 

dm^{F{m) + h)dt + N-^/^dw{t) (1.1) 



^, w{t) is the standard brownian motion. A^ > has the physical interpretation 



where F{m) — m - 

of the total number of spin sites in the system (see Section [2]). In the context of (1.1) m±{h) are 
identified with the locally stable solutions of the stationary equation F(m) = —h. If h is constant, 
say h e (0, /ic), then m^(h) is metastable and, on a time interval which diverges exponentially with 
N (as N — >■ (xi), there is tunneling from m_(h) to m+(h). Thus, if ui is exponentially small with 
N ^ the oscillations period is exponentially long with N , and then stochastic jumps between the two 
branches occur, essentially perturbing the hysteresis loop. We intend to consider a different regime 
for the frequency w, i.e. we take w = A^"*^, k > 0. We shall concentrate here on the critical amplitude 
case A — he- In such a case the deterministic equation (i.e. ( 1.1 ) without the brownian term) predicts 
that the magnetization m(i) tracks always the upper branch mj^{h{t)), where it was initially. |BG2j 
proves that, with the addition of the stochastic effects, there exists a critical value for k, k = |. If 
K < I the dynamics is still governed by the deterministic equation, i.e. the magnetization tracks the 
upper branch, in the adiabatic limit. Whereas, if k > ^ there is hysteresis, thus the magnetization 
jumps to the lower branch as soon as /i = —he and then back to the upper one when h = he and so 
forth. We shall concentrate here on the critical case k, — \ which is not covered by the analysis in 
[BG21 IBG3| . We shall study the problem for the Glauber process in the mean field Ising model (from 



which (1.1) is inspired). We will see that for k = | the hysteresis loop becomes truly random. There 



is a positive and not one probability to leave the upper- lower branch at ±/ic. Our future aim is to 
extend our analysis to the Kac potential case by taking into account spatial effects. 



2 Definitions and results 

The mean field Ising model. The configuration space is {—1, 1}^, A^ G N; its elements are denoted 
by cr = {a{i),i — 1,..,7V}, a{i) the spin at site i. By 



TOjv — 'rnN( 



1 ^ 



(2.1) 



we denote the magnetization density of the configuration a^ so that rrijv G M 



N, 



l{-iV,-7V + 2,...,iV-2,iv}. 



The mean field hamiltonian is 



H, 



h,N 



ia):^N{-'^-hm,ia)) 



and the mean field Gibbs measure at the inverse temperature /3 > is the probability Gp_h,N on 
{-1,1}^ given by 



Gi3M,n{<^) 



e-/3Hh,]v(<T) 



Zl3,h,N 

where the partition function Zp^h,N is the normalization factor. 

The Glauber dynamics. A Glauber dynamics for the Ising system is the Markov process on 
{— f , f }^ with generator 

N 

Lf{a) :- Y. <'^ '^J ^) (/(^^) - /('^)) ' (2.2) 

j=i 

where CTi(j) = cr(j) for i j^ j and cri(i) — — (t(i); c{i,a; h) > 0, the spin flip intensity at i, is given by 
the formula 

g-/3[-Hh,«(cr('>)-//h,„(o-)] 

with cr'^''' the configuration obtained from a by flipping the spin at i (see Section 4.1 of |0V] ) . 
h — h{t) is a smooth function of time, hence 1(1) is a time non homogeneous Markov process. Since 
the hamiltonian depends on a via •miq{a), the process {r7ijv(crf), t > 0} is itself Markov with state 
space TWat and generator L given by 

Chl{m) := c+lm, h) [/(m + 2/iV) - /(m)] + c" (m, h) [f{m - 2/N) - /(m)] (2.3) 

with 

iV I , g±/3[/i+(m±l/Ar)] 

c (m,h) ^ —-(l^^m) c (m,h), c (m,h) = — „,, , , — . ^ ,,-,. .,, , , — . ^ ,..-. 

for 771 e A^Tv- When h is time independent there is a unique invariant measure which is the marginal 



l^p,h.N of Gp^h,N on the magnetization density ttijv defined in (2.1 1. iJ-p,h,N is then the probability on 
A4n given by 

lJ'/3,h,Nim) -.^ ttkeMn 

^[3,h,N 

where 

4>0,h,N{m) := -— /iTTi — 

and 

If r?2jv G A^w, JTiAf — >■ 777, G [—1, 1] as iV — > oo then 4'p^h,Ni'mN) ~^ ^'fj-hi'm) where 

777^ 5(77l) 



and 



S{m) 



m 1 
;— log- 



771 1 

;— lOg- 



The mean field phase transitions. For any /3 < 1 and any h €M. the mean field free energy density 
4>i3,h{'m) is a convex function of m, (absence of phase transitions). If instead /3 > 1 (see Figurel2]) there 
is he > Q such that, for any \h\ < he, (jyp.hii^) is a double well function of 777 with local minima at 
777+ (/i) > m^{h) and local maximum at moih) e {m^{h),m,^{hyj\ m±{h) and nio{h) are solutions of 
the mean field equation: 

777 = tanh{/3(777 + h)} 



0;3,h(m) 




Figure 2: The picture shows some profiles of 0/3,^(777) according to different values of h, for f3 > 1. 

m-\-{h) is the absolute minimum for h > and m-{h) for ft. < 0, then only at ft = there are two 
absolute minima and thus a phase transition; for ft G (0, ftc), 777+ (ft) is the only pure phase while 777_ (ft) 
is a metastable state, the opposite holds for negative fields. When ft — >■ —ftc, m+{h) — mo{h) — )■ and 
the limit rric := m^{—hc) of m+(h) is an inflection point for the function (t^/s.-h^i'm)- By symmetry 
the analogous picture describes m-(h) when h ~^ h^- 



F{m, ft), F(777, ft) :— —m + tanh{/3(777 + ft)} 



(2.4) 



The macroscopic mean field dynamics. The infinite volume dynamics is governed by the ODE 

dm 

Hi 

in the following sense. Let raiq{t) be the process of generator C^f-^ (see ( |2.3| )), h{t) a smooth function 
of t, which starts from 777. at € A^at. We suppose that 7777V -^ m E [—1, 1] as iV — > 00 and denote by 
Vn the law of mpf{t),t > 0. We have the following result. 



Theorem 2.1. With the above notation, for any S > and any T > 0, 

lim Vn\ sup 777jv(t) — 777(i) > S> = 



where m{t) is the unique solution of 

dm 
lit 



F(m,h{t)), 777(0) = 777. 



(2.5) 



(2.6) 



The proof of Theorem |2.1| is omitted. The proof in the case of constant h can be found, for instance, 
in Section 5.1.5 of jPr| . the proof easily extends to the present case. 
The adiabatic limit. Let 

h{t) := -hccost (2.7) 



we denote by rrii^it) the solution of (2.61 with h ~ h{u)t) and initial condition 'm^[Q) = m^{—hc). We 
omit the proof that 



Theorem 2.2. For any r > 



lim sup ?nt^,(i) — m^{h{u)t))\ — 



w-^-O 



(2.8) 



Theorem 2.2 proves that, for oscillations of critical amplitude he, in the adiabatic limit a; ^- there 
is not hysteresis (see Figure^. The relevant time scale is i = lo^^t and the limit evolution is 



lim mu:{oj t) = to_|_(/i(t)) 

a;— ^0 



(2.9) 




Figure 3: The function mi^{t) (red line) for small values of < 



The main theorem. Theorem |2.1| asserts that the dynamics in the macroscopic limit A^ — s- oo on 
finite time intervals is described by the deterministic mean field evolution equation (2.6). When lo is 



small with N, the period of the magnetic field oscillations is large with N. Therefore the behavior 



exhibited by (2.9) in the adiabatic limit may not correspond to what the Glauber process does for 
large but finite N. As it will turn out, it all depends on the way oj — >■ as TV — ^ oo. As stated in the 
introduction, the critical case is oj = N~^^^ to which we restrict hereafter (the origin of the factor 2/3 
will become clear from the proofs but it will also be explained in Section p^ in a heuristic way). 
There are criticalities for values of the magnetic field in a neighborhood of ±hc- Since h is a, periodic 
function of time and the process is invariant under change of sign we shall restrict ourselves to study 
the behavior in a semi-period. We consider t e N^^^[—^, ?] and suppose h = hN{t), with 



hpfit) := h{N-^/h) 



{N-^/h) 



(2.10) 



so that the critical time is set a,t t — 0. We shall denote by Vn the law of the process mN{t),t e 
iV^/^[— |, |] of generator Chj^(t), with tojv(— A^^/'^|) = rriM- We choose such initial value in a neigh- 
borhood of size iV^^/^+''', 7 > 0, of the positive branch, i.e. \mN — m+(0)| < iV^^/^+^ (since 



/iAr(— A^^/^|) = 0). The main result is given by the foUowing Theorem. It provides the probabiHty, 
for large N, to find the magnetization in a neighborhood of one of the two equilibrium branches 
m±{hNit)), respectively, before and after the critical time t — 0. 

Theorem 2.3. [Main theorem] Consider the events 

H±(/) := jsup|mAr(f)-m±(/iw(t))|<7V-i/2+4, /CM, 7>0 (2.11) 



then there is p- G (0, 1) so that for any 7, 7y > and 7' > 7, 



lim 1 



N- 



|mjv-m+(0)|<Af-i/2 + 7 



lim 1 

N- 



|m„-m+(0)|<7V-i/2+ 



Vn {n+ ( 



Ar2/3 



)} 



7V2/3 



)} 



P±, 



(2.12) 



(2.13) 



where p+ = 1 — p- 



The critical interval is N^^^l—rj, rj), rj > arbitrarily small. (2.12 1 shows that, in the limit as A^ — >■ cx), 
the magnetization remains, almost surely, in a neighborhood of size iV^^ "^'^ , 7' > 7, of the positive 
branch before the criticality (i.e. for t < —rjN"^^^). (2.13) provides the behavior after the criticality 
(for t > rjN^^^), it states that there exists a non-trivial probability to find the magnetization either 
in the positive or in the negative equilibrium branches. 

The result can be iterated, as the same arguments can be repeated every time the process runs into a 
criticality. The macroscopic dynamics is no more deterministic since, at every step there is a positive 
probability for the magnetization to jump or not, and the hysteresis loops observed become, in this 
sense, random. 



3 Outline of proof 



The proof of (2.121 is simple. Indeed, if we fix /i > —hf, + e, for some e > 0, and the magnetization is 



initially in a neighborhood of m^{h), then miq{t) has a drift towards m^(h). Therefore, with large 
probability, it stays in a neighborhood of size N^'^/'^^'^ (as N~^/^ is the strength of the noise) of 
the positive branch. Only after a longer (exponential) time, tunneling to the negative branch will be 
observed. In our case h is not fixed but it is so slowly varying that the above argument remains valid 
as long as h{t) > —he + e, for some e > (see Section ItI). When h approaches —he the above picture 
is wrong because at —he the value m^ is stationary but not stable. Lack of stability and slow changes 
of the frequency make the noise competitive with the drift (for the special choice w = N~^/^) as we 
are going to see. 



Scalings. In order to understand the scalings let us go back to the stochastic ODE ( |1.1| . Let the 
magnetic field oscillate as h{ujt) — —heCOs{ujt), by expanding to leading orders F(m) + h around 
TOc, —he (i.e. for m — me and cot both small) we get approximately 



dm = {he ^^ + E^li^ [m - mef}dt + N-^'Hw{t) 



(3.1) 



We scale y — a;°(m — TOc) and r = cj t, thus 



u-'^dy = {c.-^'-'^^^^i^ + ^-^a F"{me)y ^^_,^^ ^ N-^'^u-'/^dw(T) 



(3.2) 



which becomes independent of uj and N if 



2 + a-3& = 0, 



6 = 



(3.3) 



which yields ui = N^'^/^. 

The same scalings apply to our case as we shall prove using extensively martingales techniques. In 

order to get rid of constants in the final equation, it is convenient to introduce suitable coefficients in 



the scaling transformation (3.2), we define, thus, the process 



Fjv(t) = vN^I^ (mN{tJ-N^^h) - m. 



with 



M = 



1/4 



and 



i^ = (/3me)3/^ 



1/4 



(3.4) 



(3.5) 



We shall study the process lAr(i) in a time interval which starts from time —T, letting T — ^ +cx) 
after N — >■ oo. The proof of (2.12) can be extended (see Section M) till time —^TN'^/'^ (which is the 
microscopic time corresponding to time — T for Y;v(')) i^i the following sense: 



Theorem 3.1. There is O so that, for any T large enough, e > small enough, 

limsup7'Ar||yiv(-r) - r| < e| > 1 - e""'^ 



(3.6) 



One of the main points in the proof of (2.13) will be to show (see Sections [4] and Isl) that the law of 
Y^it) converges, as TV — >■ oo, to the law of the stochastic ODE 



dY{t) = [t^ - Y'^{t)]dt + S,dwt, C 



P 



^v 



(3.7) 



which is (modulo multiplicative coefficients) the same as (3.1 1 with parameters as in (3.3 1. Due to the 



quadratic dependence on Y the solution can blow up in a finite time, therefore the process is defined 
with values on M U {— oo}, with the convention that, if Y{t) ~ — oo, then Y{t') — — oo for all t' > t. 



The drift in (3.7 1 vanishes on the two straight lines Y = ±t. It is negative for y < — |i| and it points 
towards |<| for Y > —\t\. A more careful analysis shows that there is a critical trajectory y*{t) < 
solution of the deterministic version (i.e. with ^ = 0) of (3.7) such that any deterministic solution 
which starts above the critical curve is exponentially asymptotic to (t, i) as i — > oo. 



We denote by V-T.y the law on M U {— oo} of the solution Y{t), t > — T of (3.7 1 starting from 
Y{—T) = y, T > 0. In Section [5] we prove the following Theorem. 



Theorem 3.2. Let V he the probability law with support on solutions Y{t) of (3.7 1 such that 



lim \Y{t) +t\=0 V- a.s. 

t— f — oo 



then there exist p± G (0, 1), p+ = 1 — p_, such that 

Vi there is t : Y{t) = -oo } = P- and vl lim \Y{t) - t| = o| = p^ 



(3.8) 



(3.9) 



For any e > small enough, for any bounded continuous function g{y) with compact support and any 

teR, 

lim l|.y_T|<. Ep_, „ [g{Ym = Ep [g{Yit))] (3.10) 

T->-oo 

Moreover there exists c > such that, for any T large enough, e small enough. 



vUy{-T)-T\ <e| > 1 



-ct-'T 



(3.11) 



Thus with V probabihty one either Y{t) blows up in a finite time or it is asymptotic to t as i — ^ oo, 
both events having non zero probabihty. The next goal is to extend the above result to the finite N 
process Yiq{t). For T > we define the rectangle: 



and, for e e (0, 1) 



TIt = {{t.v) e M' : t e [-r,r], \y\ < 2r} 



a7^;^ := {r} x [r - e, t + e] c)7^J; := [-r, t] x {-2T}, 



(3.12) 



(3.13) 



dTZ^ C OTZt- For the processes Y{t) such that {—T,Y{—T)) e TZt, we denote by tt the first exit 
time from TZt and define the sets 



£^ = {y : (rT,r(rT))e97^±} 



(3.14) 



We shall prove in Section [5] 



Proposition 3.3. Let Y{t), t > ~T be a solution of (3.7) starting at — T from y : \y — T\ < e, e > Q 
small enough, then 

lim V^tAy e fy U •^t } = 1 



moreover 



-il =0 



lim V-Tv\ lim \Y{t) 
and lim V-t v\ there is t : Y(t) 

T-i-oo '" L 



r e 5^} = 1 



r ef^;} 



The following Corollary is a direct consequence of Theorem |3.2| and Proposition |3.3| 



(3.15) 

(3.16) 

(3.17) 



Corollary 3.4. For Y{t) as in the previous Proposition we have 

lim \V-Ty{Y C£r}-P±\^0. 



(3.18) 



Let VN-T,y be the law of Y^it) given Y/v(— T) = ?/. Using martingale convergence theorems, in 
Section [8] we prove the following result. 



Proposition 3.5. For Y{t) solution of ( |3.7[ ) starting at — T from y : \y — T\ < e, e small enough, we 
have 



lim VN,-T,y{YN e £^1 = V-T,y{Y G E^} 



and 



lim T'AT.-T.yl^w e £t u £j;} = T'-T.yji^ e £^ u S:^}. 

N—^oo 



(3.20) 



Proposition 3.5 allows us to extend the results obtained for Y{t) to the finite TV process Yjsi{t). Finally 
in Section [8| we prove the following Proposition that is the last ingredient to conclude the proof of 
Theorem [231 



Proposition 3.6. For any ry, 7 > 0, 

lim lim rN{'H^(N^"'[l,\]) 



T^ooN- 



Fat e £ ± ^ = 1 



(3.21) 



8 



4 Limit dynamics in the critical region 

The study of the Hmit behavior as iV — )■ oo of the spin-flip evolution defined in Section 2 is based on 
some martingale theorems. In our dynamics we have two natural martingales: 

MN,T{t) = TTiNit) - mNi-fJ-TN^/"^) - [ ^jv(mw(s), /lAr(s)) ds (4.1) 

where Tpfi^rn, h) := Chrn, T > 1, and 

MNxit)- [ gNimM{s),hNis))ds (4.2) 

with GNiin, h) :— Lhrn?{s) — 2mChm. 

Lemma 4.1. There exists c > such that, for any m G [—1, 1], \h\ < he, N large enough, 

\FN{'m,h)-F{m,h)\<^ (4.3) 

and, for K{m, h) — 1 — ?7i tanh{/3(r7T, + h)}, 

\NgN{'m,h)-2K{m,h)\<^ (4.4) 

Proof. We have 

2 

Fisi{m, h) — — (c^ {m, h) — c^ [m, h)) = (c^{m, h) — c^ {m, h)) — m (c^ (m, h) + (T {m, h)) 

then there exists c > such that 

\c^{m,h) + c^ {m,h)\ < — and (c+(m, ft,) — c^(m, /i)) — tanh{/3(m + /i)} < — (4-5) 



for any N large enough, that yields (4.3). Now 



t/Ar(m, /i) = — ^[c+(m, ft) + c (to, ft)] 

thus 

2-iV^Ar(TO,ft) = 2 [l - (c+(to, ft) + c~(TO,ft))] +2to [c+(to, ft) -c"(m,ft)] 

then (|44l follows from (IXsl. D 



Let Y(t),t > — T be the solution of (3.71 starting from Y{—T) ~ y, and tt the stopping time defined 
in Section [3I we denote by 'Plr.y the law of the stopped process Y{t A tt) on I?[— T, T]. We call tn,t 



the corresponding stopping time for the finite A^-process Y^it) (see (3.4|) and denote by 'P^_j'y the 
law of the corresponding stopped process. We are going to prove (see Proposition 4.3) the convergence 
of 'P*^^ _rp to V^rp for suitable T, y. The convergence results in this Section are meant in the sense 
of the'Skorohod metric on V[-T,T]. 
For the martingale MN,T{t) := vN^/^MN,T{lJ^N'^'^{t Atn^t)), 

/tATM,T 
FN{ra{iisN^I^), hN{fisN^/^)) ds 
-T 

we have the following result 



Proposition 4.2. Let w{t) be the standard Brownian motion and ^ :— l/ii^^, then 



MN,T{t) 



V 



■^^w{T + tATT) as N -)■ oo. 



(4.6) 



Proof. By (4.2), the quadratic variation of Misi_T{t) is given by 

pt/\TN,T 



VN.rit) := v^^JiN 



GNiniNifisN^^^), hNifisN^/^)) ds 



thus, for A(m, h) as in Lemma 4.1 by (4.4), there exists c > such that 



sup 

t>-T 



VN,Tit)-2,^'fi 



A{mN{^^sN^^^),hN{^^sN^^^)) ds 



< cN- 



for any N large enough. In a neighborhood of {rric, —he), 

A(m, /i) = - + 0{h + he) + 0{m - nic) 

moreover, for t < iV^'^ there exists c > such that \hN{t) + hc\ < c{tN^'^'^)^ for any N large enough. 
We have, thus 



sup 

-T<S<TN,T 



A{mN{fisN^/^),hN{fisN^/^)) ~ I 



(3 



< cN-^/^ 



for a suitable c > then 



sup \VN.T{t)-S,{T + tATN.T)\ <cN-^/^ 

t>~S 



(4.7) 



We have tn,t — > tt, for N — > oo, hence, by ( |4.7[ ), 

VN^rit)^ ^(T + tATr) as iV ^ oo 
thus (4.6 1 follows since Mn,t{—T) = and M^^Tit) has at most discontinuities of order N^^^^ 



(sec [Bi and jPoj). 



n 



Proposition 4.3. For any T,y > such that y < 2T, V^ _rp converges to V^rp as N —^ oo. 

Proof. As usual with martingale problems, we first need to prove tightness and then to identify the 
limiting poi nts by proving that they satisfy a martingale equation which has unique solution. By 
Proposition 4.2 follows the tightness of MM,T{t)- It remains to prove the tightness of 



rt^^N.T 



TN.T{t)^iynN^^^ TNimN{^lsN^/^),hN{^lsN^/^))ds 



l-T 



We use the Chensov moment condition, indeed there exists c such that, for all t > s > —T, 



Ep, 



|rw,T(i)-rAr,T(s)r 



< c\t-s\ 



(4.8) 



where (4.8) holds after using the Cauchy-Schwartz inequality, being the integrated function in L^. It 
follows that the stopped process Ypf{tATpfT) is tight and, consequently, its law Vn.-t.v converges by 
subsequences. Moreover, any limiting point has support on C([— T, T],E), this follows from the fact 
that the jumps of Ym are ±N~3, 

By (4.3), we can approximate the term J^N{m,h) in (4.1) with F{m,h) unless errors of order N~^. 
We perform the Taylor expansion of F{m, h) in a neighborhood of (toc, —he)- Being F(mc, —he) = 
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dF/dm(mc, —he) = 0, the leading terms are the first order in {h+hc) and the second order in (m—mc), 
we have 

F{m, h) = {h + h,) - l3mc{m - nicf + 0{{h + h^){'m - mj) + 0{{h + Kf) + 0{{m - m^f) 

On the other hand, for tN''^/^ vanishingly small as TV ^- oo, /lAr(i) = -he + hcfN^'^/^/2 + 
0{{tN-'^l'^Y), thus there exists c such that 



sup 

tepAfl/3[_T,Tjv.T] 



J-jv(mjv(t), hN{t)) - { y t^N'^l^ - Pm,{mN{t) - m,f 



< cN-^ (4.9) 



for TV large enough, then, by (4.9 1, 



sup 

t>-T 



MN^T{t)-YNitATN^T) + YN{-T) + 



thTj^T 



•= ,,,,3„2 



i//i s —fimciii' Yj^{s) > ds 



< cN-^''^ (4.10) 



For our choice of /i and v (see (3.4)), the integrand in (4.10) becomes s^ — ¥"^{8). From (4.10) and 
Proposition |4.2| we deduce that any limiting point satisfies a martingale relation that uniquely defines 
a process which is the law of the solution of (3.7). D 



5 Behavior of the Umit process 

In this Section we are going to investigate the behavior of a generic solution Y{t) of the SDE 

dY{t) = [t^ -Y'^{t)]dt + S,dwu C>0, (5.1) 

For any fixed to S KU{— oo}, j/o € H^; we denote by Vto,yo the probability law of the process Y(t), t > to 
solution of (5.1 ) starting from j/q at time io- Moreover we denote by V the law of Y{t), i S M solution 
of (5.1 ) conditioned to \Y{t) + t| — > as f — > -oo. 



Deterministic analysis 



One of the preliminary steps for the study of (3.7) is the analysis of the related deterministic equation 

y'{t)=f-y\t) (5.2) 



Proposition 5.1 is proved in Section 2.3 of [Caj . it concerns the asymptotic behavior for t — > oo of a 



generic solution y{t) of 5.2 



Proposition 5.1. There exists a decreasing solution y* (t) of (5.2) such that —t > y*{t) > —\/W+l, 



for any t >0. Let y{t) he the solution of (5.2) starting at time tQ>Q from yo G M. 



• if yo > y*{to), then, for any S G (0, 1) there exists ts > to such that \y{t) — t\ < 2(i-s)t f'^^ ^^V 
t > ts; 

• if yo < y*{to), then y{t) is decreasing for t > and it explodes to — oo in a finite time. 



Asymptotic behavior of Y{t) for t — )• oo 

In this first part of the Section we prove the following Theorem. 

Theorem 5.2. Consider the sets 

E+ ;= {Y : lim \Y{t) - t| = 0} and £- := {Y : there is t : Y{t) 

then Vto,yo{Y e E+ U E-} = 1 for any to £ M U {-oo}, yo e M. 



^oo } (5.3) 
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The proof of Theorem |5.2| consists of three parts. We define the stopping time 

n := mf{t : Y{t) ^ -00} 
then n G M U {+cx)}. We fix T > large enough, suppose H > T and study the behavior of Y{t) for 



t > T. In Proposition 5.3 we prove that if Y{t) is in a neighborhood of y*{t) at time T then Y{t) 



escapes from it V- a.s. In Propositions^^ and 5.7 we prove that the probabihty for the events Y e E"^ 



to occur is close to the probability that Y{t) leaves such a critical neighborhood, respectively, from 
below or from above. Unless further indications, in this Section we mean, by c, a positive constant 
not depending on T. 



We will denote by y*{t) the solution of the ODE (5.2) defined in Proposition 5.1 and define the 
processe z*{t) := Y{t) — y*{t). z*{t) verifies the equation 

dz*{t) ^ -z* {t){z* {t)t + 2y* {t))dt + ^dw{t). (5.4) 

For any fixed i5 > small enough, we define the stopping time t^ g :— ini {t > T : |2:*(t)| > 5}. 



Proposition 5.3. For any T > 0, 5 > small enough, 



ln>T 'Pt,y(t 



{t-t,s < 00} 



= 1 



(5.5) 



Proof. Let us assume 11 > T. We need to prove the assertion for the paths such that |z*(T)| < S. 
Suitably applying the Ito's formula to (|5.4[), we get 



dz*^{t) = [-2z*2(t)(z*2(i) + 2y*{t)) + ^^]dt + 2^z*{t)dw{t), 



thus, for T < ^ < T, 



T,S 



z*\t)>z*'{T)+et + 2^ / zldw,, 

Jt 

the inequality descending since, for 6 small enough, — 2zj*^^. (-^mt* + "^VtAr'- ) — ^ 



(5.6) 



(5.7) 



ftArZ- 



The process 2^ Jj, "^'^ z*dws is a continuous martingale, thus its expected value is constantly zero and 



E 



2^ 



z^diVs 



= 4^M E 
't 



Z*s ls<r* 



ds<AfS^{t-T) 



hence, by the Doob's inequality, for any n G N, 



'Pt,y{t) S 2^ 



z^dws 



2\2 






thus, from the Borel-Cantelli Lemma and (5.7|, T^^yjT^j-a.s., there exists h such that, for n> h, 

6^ > z*\{T + n") A rf 5) > -n^ + ^'((T + n^) A rf 5) 
then T^g <{T + n^) V ((5^ + n^)/£,'^, thus, for any T > 



and (5.5) is proved. 



D 



We omit the proof of the following Lemma. 
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Lemma 5.4. Let t > s, for any 7 > 0, we have 

^7t' ^ ^ rt 



2jt 






for any s > -j^, and 



27s 



-[l~t 



-l^-'f{t^-s^)/2^ 



275^ 
2752 + 1 



< / e-f'' du < 



27s 



for any s > 0. 



(5.8) 



(5.9) 



Proposition 5.5. There exists c > such that, for any T large enough, S > 0, 

ln>T l.*,,<oo, ..(..,,)<-. ^.*,,,y(.*,,){r ^ i?-} < e-^ (5.10) 

Proof. Suppose t^ g < 00 and 11 > T, thus, consequently, 11 > r^^. We denote by y{t) the solution 
of the ODE (5.2) starting at time r^^ from y*{T^g) — 6/2. From Proposition 5.1 we know that y{t) 
explodes to —00 in a finite time. Consider z{t) := Y(t) — y(t), thus z{t) verifies tJie SDE 

dzt = -zt{zt + 2y{t)zt)dt + ^dwt 

We can assume z(Ty ,5) < -(5/2 since l2.(^.^)<_5 < li(T- j<-5/2- We have 



with Xr- , (t) 



■2j:,J(s)ds 



dwu 



(5.11) 
(5.12) 



then 



Uir^,)<-S/2 Vr^,,Yir^,) \ Ht) < C^'^^T, ^^'^ '^ (^^.^^ (,) _ J/2) , Vi 



> 4,5 y = 1- 



The probability law of Xt* {t) | r^ ^5, i > r^^ is a centered gaussian. Since 'y{t) < —t, t > r^g, we 
have 



E 



X%Jt) 



'T,S 



* 4J^, yis)ds 



du < e^^^'.^ / e-2"' du < 



1 
4T 



(5.13) 



where the last inequality descends from (5.9), since T^g>T. Hence there exists c > 0, such that 



-Pr^.^Yir^,,) I sup m > Ol < T'.; ,,y(.;^) I sup X.*,,(t) > ^ [ < 



,-cT 



(5.14) 



for any T large enough, where the second inequality follows from (A. 2 1 and (5.131. Then we get 

(Islol). n 



We denote by y^{t) the solution of (5.2) conditioned to limt_^._oo l2/^(i)+i| = and define the process 

z+{t) ■= Y{t) - y+it). z+it) satisfies the SDE 



dz+{t) = -z+(t)(z+(t)t + 2y+{t))dt + idw{t), 



(5.15) 
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thus, for any to G I^ U {— oo}, 

z+{t) = z+(to)e-'4 y^^'^''' - f z+2(u)e-2/^y+(-)'i« du + ^Xt+o W 



to 



with xtoit)-= e-^^^^^'-'^'^'dw. 



(5.16) 
(5.17) 



We fix e > small enough and define the stopping time t^ ^ := inf {t > T : |z+(i)| < e}. 



Lemma 5.6. For Iq G MU{— oo}, xt i^) ^^ *'^ (5.161, yo G M, there exists c > such that, for \ large 
enough, 

Vto,vo (sup xUt) (^V 1) > a) < e-^^' (5.18) 

Proof. Xto (0 is a centered Gaussian process of variance 



^[xtm 



-iCvHs)ds^^_ 



Let us suppose, at first, tg < 0. We know that y'^{t) > — t for t < 0, thus, for io ^ * < 0, 



V.[xl\t)\<e''' t\'^-' du <±A1 
J\t\ 



m 



where the second inequahty follows from ( 5.9 ) . A similar estimate can be obtained for t > using i5 



since inftg^ y^{t) > and y^{t) >t— 1/t for t > large enough. Therefore, for any io G 11^ U {— oo}, 
there exists c > such that, for t > to, 



e[x*^o'W]<c(1ai), 



thus (5.181 follows from inequality (A.2|. 



D 



Proposition 5.7. There exists c > such that, for any T large enough, S,e > 0, 

ln>T lr*_,<oo,z*(r* ,)>5'Pr* „Y(r* ,){rit_e = +0o} < c""^ (5.19) 



Proof. Suppose r^ ^ < oo and 11 > T, then 11 > r^ ^. As in the proof of Proposition 5.3 we mainly 



make use of comparison arguments. We compare, by means of Lemma A.l the process -z^(i) with 



suitable gaussian processes. Then use the inequality |A.2| to estimate the behavior of such gaussian 
processes. We will avoid the details, let us see. Suppose z*(r^^) > 5 and |2:^(t|,^)| > e, we need to 
distinguish two cases: z+(t|,^) > e and z^^t^s) < ^e. 
Consider the first case z^{t^s) > e, from (5.161, we have 



l.+ (..,)>e^.*,„y(.*,,) < zHt) < ^^{r*T.s) e"'^^'^'^'"''^"' +ex+j (i) ) = 1, 



thus 



Iz+Cr* 



(-f.)>^^-f..nrf,)<^ Jnf z+(t)>e 



< 



l.+ (r* )>.^r-.,.y(r- )<^ inf U+( 



-2Jl, y+(s)ds 



'T.5) 



+ ^xt,St)]>^ 



< e 



-cT 



(5.20) 
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where the last inequahty is obtained by the use of Lemma |5.6[ 

We prove, now, the statement for the second case z^{t^ g) < —e, z*(r^^) > S. At first, we show that, 
with large probability, z*{t) reaches the line | t, i.e. that the stopping time r^ :— inf{t > r^ : z*(t) > 
I t} is finite. We compare z*{t) with the process x^{t), solution of the linear problem 



we have 



dx+{t) = -x+it)dt + idwit), x+{t^s) =z*{t^s), 



x^{t) = x+{T^g) c^'^^^^'^t's) + ^ eT / e"T dwu 



(5.21) 



(5.22) 



Since -z{z + 2y^) > tz/2 for < z < -3yt*/2, by Lemma A.l z*{t) > x+{t), as long as < z*(t) < M 



(5.22) and (5.9) to show that 



It is sufficient to apply the inequality (A. 2 ) to x^{t) whose quadratic variation is easily estimable from 



-cT 



lx+(r-,,)>5 ^r-_„y(r^_,) < inf x+{t) <0\ <e 



and l.+ (.^ j>5 ^r^,„y(r* ,) < ^sup -^^ < 1 ^ < e 



hence 



r , 1 I 2z*(i) 1 



-cT 



(5.23) 



For i large enough, y*{t) > t — 1/t, thus, from (5.231, with Vr* ,y(r* )-probability greater than 



'r,*'-" y'''T,5 



1 — e '^'^ , there exists r^ < r^ < oo such that z'^ir'rp) > — t^/2 — I/t^. 
By an analogous comparison argument it is possible to prove that 



lz+(T-)<-e,r^<oo 'PT^,z+(r^) < SUp 2:+(t) < -6 ^ < 6 



-cT 



(5.29) follows, then, from (5.20), (5.231 and (5.24) 



(5.24) 

n 



Proposition 5.8. There is c > such that, for any e > small enough, T, A large enough, X < eyT, 

(5.25) 



■'-r+ ^ <oo W+^ ,y (t+ J 



inf sup \Y{t) -y^{t)\Vt> X} <e- 

s>r+, t>s 



Proof. Let us suppose t^ ^ < +oo, thus the relation (5.16) with t^ ^ in place of to holds, for t > t^ ^ 
to the process x\ (0; thus, by symmetry, we get 



We apply Lemma 



5.6 



V^ 



X 



.-cA" 



(5.26) 



for any A large enough. Let us define the stopping time r^^ := inf{t > t^ ^ : \z^{t)\ > 2e}. We have 



f f ^ 

+ .L.+ u-^ t 
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thus, with 7^^+ v^^+ ^-probabihty greater than 1 — 2e we have 



-2/V y{s)ds .2 ^ _2/V y+(s)ds A 



ee 



(-Al)-^<.-(t)<.e - 



2V^ 



(5.27) 



for T^ ^ < t < T^ ^. Assume A < evT, thus, since t^ ^ > T, from (5.271 it follows that 



Ki .Y(ri ){^T,e < +^} < Ki ,Y(ri ) { ^Up \z+ {t)\ < 2e } < 



-ct^T 



i^Te) 



T^ ^<t<T!^ ^ 



(5.28) 



then, by (5.27) and (5.28), we have 



^r+,,y(.+ J { ,inf sup \z+{t)\ ^t > \\ < 7^,+ ,^(,+ ^{rf , < +00} 



s > t'Z t>s 



+ V^+ _Y(r+ ) \ inf sup|z+(t)| Vt > A, 



00 ^ < 2e 



-cX-' 



hence (5.25) is proved. 



n 



Proposition 5.9. There exists c > such that, for any T large enough, S, e small enough, 



ln>T lr^^<oo, z'{t:^ ^)>S 'P- 



r^.s^r^A^ ^ E+} 



Y iE+\ <e' 



(5.29) 



Proof. Assume 11 > T, r^ ^ < cx) and z*{t^^) > S then, for any £,S > small enough, T large 
enough, 



thus (5.29) follows from Propositions 5.7 and 5.8 



n 



Conclusion of proof of Theorem |5.2[ Let us suppose T > tg, thus, from the definition of 11 and 
Proposition |5.3[ we have 



'Pto,vo {Y^E+UE-}=E [ln>T Vt^^(t) {Y ^ E+ U E'}] 

1.* ,<oo, U>r'V^'nr'){Y i E+ U E-} 



= E 



(5.30) 



(5.30) is bounded by 



E 



ln>T lr^,5<oo, z*(r^,)<-5^r- ,,y(r-_j{i^ ^ ^ } 



^E 



ln>T IrJ ,<oo, ^-Crf ,)>A-^r* „y(r- ,){>" i E+} 



< e 



'Ct^T 



(5.31) 



where the inequality follows from Propositions 5.5 and|5.9[ and holds for some c > 0, for any T large 
enough, 5, e small enough. The result follows from (5.31 1 by performing the limit for T -^ 00. D 



Behavior of Y{t) for i — > — 00 

In this part of the Section we will provide some results for the behavior of Y{t) for negative i, |i| large 
enough. 
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Proposition 5.10. Let V be the probability law defined at the beginning of this Section. There is 
c > such that for T, A large enough, X < yT , 



V l^sup^ \Y{t) - y+(i)| ^ > a| < e-^^' 



(5.32) 



Proof. 2;+(t) satisfies the equation (5.16) even in the limit as to — > — oo. y^(t) — >■ +oo and z^(t) — >■ 
for t -^ — cx), 7^-a.s., thus 



z+(i) 



z+2(^,)e-2/>+(.)rf.rf^ + ^^+^(i) 



(5.33) 



We use Lemma 



5.6 



with tg = —oo to estimate the behavior of X-oo(^)' then the proof proceeds 



specularly to proof of Proposition |5.8| 



Proposition 5.11. There is c > such that for T, S, A large enough, S < T, X < \S , 



l|y(T)-T|<^ 'P-T.YiT) 



sup \Y{t)-y+{t)\^\t\>X'><e 



,-cA^ 



Proof. The proof of (5.34) is almost the same of Proposition 5.10 



D 
(5.34) 

n 



Behavior of Y{t) in bounded intervals 



In this part of the Section we study the behavior of solutions Y{t) of 5.1 starting at time ~T from 
y : \y — T\ < e, e small enough. We recall that the stopping time tt € [— T, T] is the first exit time of 
Y{t) from the rectangle TZt (see (3.12) for the definition of 7?.t). Notice that the condition |y — Tj < e 
guaranties {~T,Y{-T)) e TZt- 

Lemma 5.12. There exists c > such that, for any T large enough, e small enough. 



\y_T\<e V-T,y{YiTT) = 2t} < 



~cT^ 



Proof. We have y+{-T) >T,y<T + e, then z+{-T) =y- y+{-T) < e, hence, by ( |5.16[ ) 

l\y-T\<e V-T,y{z+(t) < £ + ^X^t W, V t > -T} = 1, 

thus, since sup_jn<«ji t/^(t) < T, we have 

l\y-T\<e V-T,y{Y{TT) = 2t] < l|,y-T|<e V-tJ SUp Z+ (t) > t] 



-T<t<T 

T-e- 



< V-T.y\ sup xtrit) > -—^} < e 



'CT^ 



where the last inequality follows from (A.2) and Lemma 5.6 



Lemma 5.13. There exists c > such that, for any T large enough, 



7'r^,_2T{n>TT + T-l} < 



-cT-' 



D 



(5.35) 
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Proof. Consider the process y{t), solution of the ODE (5.2) starting from — |T at time tt- Let us 
consider, now, z{t) :— Y{t) — y{t), thus Zt-j,{tt) = ""o- Using exactly the same arguments used in 



proof of Proposition 5.5 to show (5.14), it is possible to prove that 



VrT,-2T <i sup S{t) > J. < e 

<.t>TT 



-cT-' 



(5.36) 



y{t) lies below y*{t), then, from Proposition 5.1 we know that it explodes to — cx). It is easy to 



show that y{t) explodes within tt + T ^ (see Lemma 2.3.15 in [Ca| ). then (5.35) easily follows from 

(IKsel). ' D 



Proof of Proposition |3.3[ Let Y{—T) = y with y : \y — T\ < e, then, from Theorem 5.2 we have 

V-T,y {r ^ £+ u £y } = V-T,ij {Y iE+yjE:^,Y eE+yjE-] 

< V-t,v{y{T) e [-2T,y+{T) -e)U {y+{T) + e,2T], Y e E+} (5.37) 

+ V-T,y{Y{TT)^2T} (5.38) 



Lemma 5.12 provides a bound for the probability in (5.38 1 that assures its convergence to as T -^ cx) 



The term (5.371 vanishes as T — > oo since, by Theorem 5.2 for any e > small enough, 

Y eE+} 



V^tJ mi sup \Yit)-y+it)\>e 

I I >0 +>T' 



1 



hence (3.15) follows. From Proposition 5.8 and Lemma 5.13 it follows that 



'-(TT,F(rT))ea7?,* 



±7'.,,y(.,){r^i?±}< 



^-CIL^T 



for some c > 0, thus (3.16) follows from (5.39) and Theorem 15.2 



(5.39) 

D 



Proof of Theorem 13.21 



We consider two processes Y,Y solutions of (5.1) starting from y(— T) = y and Y{—T) = y, with 



y, y such that \y — T\ < €,\y — T\ < e for some e > small enough. Without lost of generality, we 
can suppose y > y. We denote by Q-T,y,y the probability law of the coupled process {Y{t),Y{t)) by 
taking the same noise for Y and Y. 
Let us fix 5* € (1, T) and e > small enough and define the sets 



As^A 



T.,S.e 



Y : sup \Y{t)-y+{t))\<e 

-T<t<-S 



and 



Bs = Bs,e ■.= iY : sup \Y{t) - y+(t))| < e 
t>s 



(5.40) 



(5.41) 



Let Ts,Ts be the first exit times respectively for the processes Y{t) and Y{t) from the rectangle TZs 



defined in (3.12). We call 11 and 11 the times of explosion to — oo of Y and Y. Y(t) and Y{t) are 
well defined, thus, respectively for t < 11 and for t < fl. We agree with the convention to define 
Y{t) := -oo for t > H, Y{t) := -oo for t > Y{t). We have the following results. 



Lemma 5.14. For any S G (1,2^) and e > small enough 

Q_T yy\ lim sup x{t) =0 Y,Y eAsr\£t r\Bs 



(5.42) 
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Proof. Let us assume Y,Y £ As Ci Eg Ci Bs- We denote by x{t) the process Y{t) — Y{t), then 



dx — —x{Y + y)dt, hence 



x(t) = (y-y)e-^--(^("'+^("»'^" 



(5.43) 



thus x{t)> for any t > -T. 

Since Y,Y e As and y^{t) > -t for t < 0, from ( |5.43[ ) we have 

0<x(t)<ee2^--("+^)''"<ee(^-')%-(^-')' for - T < t < -5 

thus 

hm sup xit) — 0. 

T^co -T<t<-S 



(5.44) 



y,y e f^ imphes Y{t),Y(t) > -25 for any -S <t<S, then, by ([5^, 

0<a;(i)<a;(-5)e--^-s(>'(")+?(«))'i"<.^(_5)e8S' for - 5 < i < 5, 



thus, by (5.44) 



Hm sup x{t) = 0. 

T->-oo_5<j<5 



(5.45) 



y, y e 6s thus Y{t), Y{t) >y+{t)-e> 0, for t>S,S large enough, then, from ( |5.43[ ) we have 
0<a;(i) <x(S')e--''s('^(")+'^("»'^" <x(5') for t > 5 



thus, from (5.45) 



hm supa;(i) = 
T^°°t>s 



then the Lemma is proved. 



Lemma 5.15. For any S G (1,2^) imd e > small enough 



Q_T,,,, lim sup \Yit)-Yit)\ = 



r Gy^sH^s, r Gy^sS' = 1 



(5.46) 

n 

(5.47) 



Proof. Let us assume Y G As H £g and F G .4s. Consider the process x{t) defined in the proof of 
the previous Lemma, then, since Y,Y E As, (5.44) holds also in the current case. 



On the other hand Y e £g imphes Y{t) > Y{t) > -2S, then, since \ts\ < S, 

0<a;(t)<a;(-5)e-^-s(^(")+?(«))'i"<a;(_5)e8^' for -S<t<Ts, 



thus, by (5.44), we have 



lim sup x{t) — Q-T,y,y — a.s. 

T->oo _s<t<rs 



hence (5.57) follows 



(5.48) 

n 



Proposition 5.16. For any bounded continuous function g{y) with compact support and for any fixed 
e > small enough, t > —T, we have 



2l™^l|y-T|<£l|y-T|<< 



Ep_,,^ [g{Y{t))] - Ep_,,^ [g{Y{t))] 



= 0. 



(5.49) 
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Proof. We define G{t) := \g{Y{t)) — g{Y{t))\ then we need to prove that 

hm l|y_T|<el|a-T|<eEQ-T.,,s [Git)] = 0. 

I — ^OO 



(5.50) 



Let us fix S" g (1, T) large enough and e > small enough, y,y : \y ~ T\ < £,\y — T\ < e. For ^5 as 
in (5.401 we have 



\^Q-T.y,, [G{t)]-EQ_^„,, [lY,YeAGit)] I 

< 2 sup I5I {V-T,y {Y i As} + V-T,5 {y i M) 



(5.51) 



< 4 sup l^l e 



where the last inequality follows from ([5.34^. We have 



^Q-T.y,y ['^Y,Y€AsG{t)] -^Q-T.y.y ^ Y.^S^Sn (£+ U£ " ) ^(^) 

< 2sup|5| {V-s.y{Y i St^Ss} + 'P-s.y{y i 4 U^sD 



(5.52) 



For Bs as in (5.41) we have 



Eq_ 



'-Y,YeAne]. 



G{t) 



E 



Q-T, y,y 



^Y,YeAnBsne: 



-G{t) 



(5.53) 



< 2sup|5| {hv'vHS)\<e'PsAY t ^s} + hv-yns)\<eVs,y{Y i Bs}) 

<4sup|g| e-""^'^ 



where the last inequality follows from (5.25) 



Since g is bounded, it follows from (5.51), (5.52), 3.15 and (5.53) that for any C > there exists Sq 

(5.54) 



such that, for any T > S > So, for any t > —T 
EQ_,,„s[G(t)]-EQ_,,„.^[(V^ 
By the continuity of g and Lemma |5.14| it follows that 



YeAsnstnBs ^ ^Y,YeAsn£7: 1 G[t) 



<(■ 



-T,v,v { 1™ sup G{t) = 



Y,Y eAsr^E+c^Bs\^l, 



thus 



lim lf>_TE 



T-i-oo 

On the other hand. By Lemma [5. 15 



thus 



t>-T«^Q-T.y.y 



^Y.YeAsnBsnst i^' 



Q-T,y,y \ lim sup G{t) — 

^T->-oo_7-<t<T-g 



Y £Asr\£sY <=,As> = 1 



lim Eo ^ - 



T^. 



'^-T<t<Ts'^Y.YeAsn£-G{t) 



= 0. 



(5.55) 
(5.56) 

(5.57) 
(5.58) 



We have 



E 



Q-T.y,y 



lrs<t<rs+S-i ly^ye^nf- G{t) < 2 sup \g\ V^tA^ -S-^<Ts<t} (5.59) 



with the right hand side term vanishing as S* — >■ 00. 

Since Y{t) > Y{t), B > B, thus, for t > B, Y{t) = Y{t) = -oo_, then G{t) = 0. It remains to estimate 

the term for ts + S^^ < t < 11. We have Y{ts) = -2S and Y{ts) = -2S + x{ts), with, by Lemma 
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5.15 limT-i-oo |2;(t5)| = for y, y G As H £g . Hence for any fixed C > arbitrarily small there is Tq 



such that, for any T > Tq 



< ^Q-T.y.y [lrs+S-i<n l?(rs)<-2S+C "^(O] 

< 2 sup \g\ Eq_,^^ [1^(,^)<_25+^ 'Prs.Yirs) {H > Tg + ^"1}] 



then, by Lemma 5.13 for any C > there exists 5*0 such that, for any T > S > Sq, 



Ec 



lrs+s-i<t<n ly.Feytsnfo ^(*) < C • 



From (5.59) and (5.601 it follows that 



A^^S-...,, 



lt>Ts '^Y,YeAsn£- ^W 



= 0, 



then (5.501 follows from (5.54), (5.561, (5.58) and (5.61) 



(5.60) 
(5.61) 

n 



Corollary 5.17. Let Y{t),Y{t) be solutions of ^^ starting from Y{-T) = y, Y{-S) =y,T > S, 
then, for any function g{y) as in the previous Proposition, 



lim lim 



Ev_,JgiYmi\y_T\<,-Ev_sj9iY{tm\y-s\<. 

Proof. Suppose T > S, \y ~ T\ < e, \y - S\ < e. We have 

Ep_,^^ [g{Ym=E-p_^^ [Eps-,.(-., [9{Ym] 
thus 

Ev_^„ [giY{t))]-Ev_^^, [Ep_,,,,_s, idiym l|y(-5)-5|<. 

< sup \g\ V-T.y {\Y{-S) -S\>e}< sup I5I e'"^^ 







(5.62) 



(5.63) 



where the last inequality in (5.64) follows from ( 5.34[ ). On the other hand, from Proposition 5.16 for 
any C > there exists 5*0 such that, for any T > S > So, 



Ep_,^ [Ep,,,,_„ [g(Ym 1^Y(-S)-S\<e 



Ev_ 



S,v 



g{Y{t)) 



hy-s\<e 



<c 



then (5.62) follows from (5.64), (5.63), (5.64) and the boundedness of 5 



(5.64) 

n 



Proposition 5.18. Let V be the probability law defined at the beginning of this Section, then the 
probabilities p± :— V{Y G £'^} are strictly positive. 



Proof. Let us prove, at first, the statement for E . By (5.33), z'^{t) < ^X-oo(^) 'P-a..s., thus, for 

I 2 

7 := y+(0) - y*{0) > 0, $(a;) := -^ /^ e~^ dz, we have 



nz*{o) < 0} - r{z+{o) < -7} > vixt^m < -7r'} - '^ iCWJe [x 



.+2 



> 



since, by Lemma 5.6 E [xiL(O)] i^ bounded by a constant. From (5.4) it is easy to verify that 

z*{t)<z*{0)e-'foy'i^)'i^+^^*^{t), xSW:- f e-^^'^y'^^^"^ dw^ 

Jo 
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P-a.s. Let us suppose z*{0) < 0, then z*{t) < ^Xo{t), thus 



r{z*iT) < -5} > V{xUT) > ^Sr'} - $ 6r'\^E [x*oHT)] >c>0 



for any 5 > 0, hence, from Proposition 5.5 (5.65) and (5.65) it follows that V{Y ^ E } > 



By the use of comparison arguments as in proof of Proposition |5 .8| it is easily provable that there exist 
CmaxjC > such that, for any e < Cmax, if |-2^~''{— ^)| < f, then 



V-T.Y(-T) \ sup \z+{t)\ <€\>e- 

-T<t<T 



(5.65) 



To prove (5.651 it is sufficient to use the small balls inequality (A.5|. Thus the claim for E^ follows 



from Proposition 5.8 Proposition 5.10 and (5.65) 



D 



Conclusion of the proof of Theorem 3.2, The convergence result (3.10) is a direct consequence 



of Corollary 5.17 (3.11) easily follows from Proposition 5.10 

The convergence of the probabilities l\y-T\<e'P-T,y{Y G -E*} is a direct consequence of (3.10); finally, 

from (3.16) and Proposition 5.18 it follows that p_ G (0, 1). D 



6 Escape from criticality 

In this Section we study our iV-finite dynamics assuming Y/v G Sj^ , i.e. Yn{tn^t) = —'2T or, equiva- 
lently, 

mjv(r7v,T) - m, - — -— , Vt := fiTN,TN^^^ e [-T,T]iiN^'^ (6.1) 



we recall the definition of H^{I) in (2.11 ) and prove the following result. 



Proposition 6.1. For any fi' > /i 



lim lim Vn s 'Hn 



{/i'T7Vi/3} 



Yn e £j 



(6.2) 



We consider the stochastic process rn*j^{t) := 'm*^{TN.T){i) defined as the solution of ( |2.6| with h 
hN{t) and initial condition rn*j^(J'N,T) = 'mN{TN,T)- We prove that, for any /i' > /i (/i as in (3.5)) 



m*j.^{t) reaches m-{hpf{t)) within the time Tn,t + IJ''TN^'^ , then we show that, by tracking m*pf{t), our 
magnetization mpfit) approaches m-{hisi{t)). We denote by V^ j, the probability law of TOjv(i) given 
Ym G £^ ■ All the computations are done for N > T, N,T large enough. Unless further indications, 
we will denote by c a generic positive constant independent of N, T. In order to lighten notation, in 
this Section we will omit the index N for the magnetization and simply write m{t) and m*{t). 



Consider the stopping time 

Tn,t '■- 
we have the following result 



inf |t > Tn.t ■■ \m{t) ~ m*{t)\ > 7V-1/H 



Lemma 6.2. Let r, r' be two stopping times for m,(t) such that Tn.t < t < t' < Tn,t ^.i^-d N > t' — t 
V]^rp-a.s. There exists a Junction 4'{t), such that 



sup 

I'm ,T <t<TN ,T 



^it)-^im*it),hM{t)) 



< cN-^/^ 



(6.3) 
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- ^ y >, sup [\m{t) ~ m* (t) I - e^,^' (t)] < ^ > 1 - cN-'' 

T<t<T' 



and, for 7 > small enough, 
with 



(6.4) 



ds 



Proof. Let us define the function f{m,t) := m — in*{t), then tlie process 



Mit) := /(m(i),t) - f{miTN^T),TN,T) 



* ' Of 



Tn.t 



^h{s)f 



ds 



{'m{s), s) ds 



is a martingale. For any r as in the liypothesis, the process A^r(i) '■— ■M{t) ~A4{tAT) is a martingale 
as well and 



Vr{t) := / [Chis)f - 2fC^,-)f]im{s),s)ds 

JtAT 

is its quadratic variation. For any t > Tn,t, 

¥.[Ml{tAT')\T,T'] =E[V^(tAr')|r,r'] < cTV^^ (i A r' - t A r) <cN^^{t' -t) 
thus, by the Doob's inequality, for any 7 e (0, 1), 

(t'-t)1/2 



V{^su^JMAt)\> ^(,_,,/, 



t,t'\ < cN-'i 



then 



V-,A ^^^^\Mr{t)\>^^^^^^ 



(6.5) 



:E, 






<ciV-'^ 



Recall the initial condition (6.1), then there exists a function il){t) satisfying (6.3 1 and such that 



df 

[Ch(s)I + /] (m(s), s) - ^(s)(m(s) - m* {s)) < cN' 



for t > Tn t- For t < t < Tn,t we define the process 



i?,(i):=/(m(i),i)-/(m(r),T)- / ^(.s)/(m(s), s) ds - A^,(t) 



then, from (6.6 1 



\Rr{t)\ ^ .,_i 

sup r<cN 

t-T 



' JV T ~ '''■S- 



(6.6) 



(6.7) 



(6.8) 



T<t<Tjv,T 

By treating ( |6.7[ ) as an integral equation for f{m{t),t) we find 
/(m(i), t) = /(m(T), r) e^^ '^("^'^^ + [i?,(t) + Mr{t)] 

_^g/;V(«)d« / [i?^(s)+X^(s)]V(s)e--''X")'*"ds, 



T <t<Tt 



N,T 
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From (6.51 and (6.8), assuming iV > t' — r, wc find 
V 



jVT^ sup \Rr{t)^Mr{t)\< \,., A„ \ > \ ~ cN~^ 



T<t<T' 



iV(l-7)/2 



thus (6.4 1 follows. 



(6.9) 

D 



Lemma 6.3. Let us fix ^ > small enough and consider the stopping time 

Tn.t = Tn,t,s ■= inf {t > Tn,t ■ ™* (t) <mc- S} 

then, V^rp-a.s, there exists Co > such that T^f x ~ Tn,t < CqT^^N^ for any T,N large enough, 

and 

2T 

m*{t)>m{t):=m,-—-j — . for TN,T<t<T;f^T (6-10) 

I'N 3 — 4:pmcl [t + 1 fiN 3 j 

Proof. Recall the initial condition (6.1 ) for m* , then, for Tn.t < ^ < 2^TiV3 we have ~hc < h^it) < 
-h^ + cT'^N^i, thus 

< F{m*{t), hN{t)) - F{m*{t),ha) < cT^N^^ 
hence, for Tn.t < t < T^r ^ '^l^-TN^ , 

-/3mc(l + coS)im*{t) - m^f < F{m*{t), /ijv(t)) < -/?TOc(1 - coS){m*{t) - m^)^ + cT^N-^ 
for a suitable cq > independent of S, then mi{t) < m*(t) < m2{t), mi^2(i) solutions of 

m[{t) = -I3mcil + Co(5)(mi(i) - m^)^, 

m'^it) = -/3mc(l - co(5)(m2(i) - m^)^ + cT^iV-i 

with mi{TN.T) — '>ti2{Tn.t) — '>n*{TN,T) — "^c ^ IT jvN^I'^ . It is easy to check that 

t/7VV^(2r) i -/3toc(1 + coO)(t- To) 
On the other hand m2(t) is a function blowing up at time 

Tat.t + Co -jr- « 2fiTN^/^ 

for a suitable Cq possibly depending on S. In particular we have T^j j^ < 2^TN^/^, thus the result 
follows. n 

Lemma 6.4. Let us fix 5 > small enough and define the stopping time 

Tn,t = TI^^TJ ■■= inf {t > U^T ■■ m*{t) < m_(/iAr(i)) + 5} 
then, V^ rp-a.s., there exists Ci > such that T^ rp — T^ rp < Ci for any T,N large enough, and 



.11) 
.12) 



m*{t) < m^(hN{t)) + 6 for any t>Tf 



N,T 



(6.14) 
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Proof. Let mi{t) and m2{t) be the solutions of 

rh[{t):^ F{mi{t),hc) and m^(i) = F(m2(t), /ic) + cT^AT^i (6.15) 



with Tni{Tl^ x) ~ "^2 (Tat 7^) = ^{T^j^) = mc — S. From Lemma 6.3 we know that Ttv.t < 2fiTN3 , 

Vjij.-a.-s., then mi(t) < m+{hN{t)) < m2{t) for T^^^t < ^ < 'Tn,t + t^TN^/^. 

Consider the stopping time 7^'^ := inf {t > TJ(ry : mi(i) < m^{hiq{t)) + (5/2}, then there exists 

Ci > such that 7^' j^ — T^ j, < Ci. We denote by Afh{t) the nonnegative function ifi2{t) — fhi{t), 

thus 

^Am(t)<(/3-l)Am(t)+c^ Am(r^T) - 

hence Am(i) < cT'^N-'^^^ for any i < T^j, + fj.TN'^/^, then, in particular, m*{f}ij,) < mzCf^'j.) < 
"^iC^tv.t) + cT^N''^/^ < TO_(/ijv(7i(r',T)) + -^ fo^' ^ large enough, then T^j. < f^j, < T^^t + C'l- 



(6.14) is thus proved. D 



Lemma 6.5. Consider the stopping time 

Tn[t ■■= inf {t > Tn^t ■■ m*{t) < m_(/tAr(i)) + A^-i/^j 
then, V^ rp-a.s., there exists C2 > such that T^'j^ ~ Tn T — C2lnN for any T,N large enough, and 
\m*{t) - m_(/iAr(t))| < 7V-1/2 for any Tn[t < ^ < f ^^'^ (6-16) 

Proof. There exists c > such that 

-^—F{m^{hN{t)),hN{t)) = P[m^{hN{t)f-ml]>c 
am 

for T{!,^T < * < ^N'^''^- We have 5 > m*{t) ~ m_{hN{t)) > for t > T^'^, then there exists cq > 
not depending on 6 such that 

TNim*{t),hN{t)) < -c(l - co<5)(m*(i) - m^(/iAr(i))). 

Let us call Am{t) :— m*{t) — m_{hN{t)) > 0, then, being m-{hN{t)) a not decreasing function for 
< t < ^N3 , there exists c > such that 

— Am(t) < -cAm(i) - -- m^ [t] < ~cAm{t), AmiT^.r) ^ ^ 
hence Am(t) < Je^'^^*"'^".^^ for any 7^' j, < i < f A^^/s^ ^j^^^^ follows the result. D 



Proof of Proposition |6.1[ The proof consists of three steps. 

Step I. We prove, at first, that there exists c > such that, for any 7 > small enough, 



V 



N,T 



{MT^t) - m*{U^T)\ < N-i + i} > 1 - cN-^ (6.17) 



We have \m*{t) — md < S for Tn,t < t < TJ(r T' then there exists cq > independent of 5 such that 

d 

0< —F{m*(t),hN{t)) </3mc(l + co(5)(mc-m*(t)) + cT2iV"2/3 
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thus, in particular, there exists c > such that, V^ j^-a.s., for any Tn,t i£ t < T^ j, A Tn,t, 

\^{t)\ = il}{t) < c[{mc - m*{t)) + T^iV^i] < c[(toc - m{t)) + T^N~^, 



the last inequality descending from (6.10). For Co as in Lemma 6.3 referring to (6.5) for the definition 



of 67-jy ^^7-' (i), there exist c, c' > such that 



er„,.,r' W < cN-'/^+-'/' exp <( / ^p{u)du 



Tn,t 



<c 



^-1/3+7/2 



— exp < c 

T JTn: 



{rric - rh{s)) 



rp2 



iV2/3 



ds 



Let us define T^ := (v/^PrricT — 2fiT), then, by the definition of rh{t) in (6.10), the exponent in 
(6.18) is bounded by 



1 



T' 



T' 



ITrN^/^-tl 



^ 1^^ ^ [Trmf. - t + iV^; '^ - ^' A^ (' - '^"^^) ^" |T,iVV3 _ T,^ 



Since, by Lemma 5.31 T^ ^ < Tn,t + Cq N-^/^/T, Vj^ j,-a.s., there exist c, c', c" > such that 



sup 






for T large enough, thus, by|6.4[ 



'N.T\ sup 



\m{t) ~ m*{t)\ < c7V~i/3+''/H > I _ ^^-7 



in particular, with the same probability T^ q- < Tn,t, thus (6.17) follows. 



Step II. We prove, now, that there exists c > such that, for any 7 > small enough. 



(6.18) 



We have \dF{m*(t),hN{t))/d'm\ < max{l, /3 — 1} := cp, thus, by (6.14), there exists c > such that 



sup 



'ijj{u)du 



< c 



We can use the same arguments of Step I, there exists c > such that 

sup QT^^,,T;i,Jt)<c{\m{U,T)-r^^*{TkT)\+N-^'-^^/') 

7^ q-l^t-CT^ ,j. /\Tn ^T 



"P^ y-a.s., thus, by (6.4) and (6.17), we have 



'N.T\ sup 



\m{t) - m*{t)\ < c7V^i/3+7/2 I > 1 - cN"* 
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thus (6.18 1 follows since T^ j, < Tn.t with the same probability. 



Step III. We conclude the proof of the Proposition. We have \m*{t) — m_(/iAr(t))| < J for t > T^ j" 
thus, for small S, 

— F{in*{t),hNit)) = (1 + 0{6)) —F{m^{hN{t)), hN{t)) 

On the other hand, there exists c > such that J^F{m_{hN{t)),hN{t)) < — c, for any T^ j^ < i < 
I N^'^, hence there exists c' > such that 

sup \ip{t)\ < -c 

2 
T2<t<^N3 At 

Let us fix T^j, < t* < f iV^/^ A fAr,T, thus 



then, by (6.18), 






Let us fix, now, /i" > ^' > ^ and choose t* = f/'TN^^^, thus, by Lemma 
T'^jn-a.s., hence, by (6.4) and (6.19) we get 



6.3 md Lemma 



6.4 



V 



N,T 



sup 



\m{t) - m*{t)\ < TN-3 + i ^ > 1 - cA^"^ 



(6.20) 



then, in particular, with the same probability T/v,t > t*- We have T^ x < fi'TN^'^ < t* Vjqrp-n.s. 
then 

(6.21) 



Af,T 



On the other hand, by Lemma 

V 



Tnj, < i^'TN'^/^ -P^y-a.s., hence 



6.5 



N,T 



Um{^JL'TN^/^)-m*{^i'TN^''^)\ < N-^\ 



= 1 



thus (6.2) follows from (6.21) and (6.22) 



(6.22) 
D 



7 Behavior far from criticalities 

In this Section we give some results concerning the dynamics in the stable region. Theorem |7.1 
provides a law for the behavior of TOjv(i) in N'^/^[—^^ —rj\ and N'^/^[ri, ^], ry > 0. Recall that Vn is 
the probability law of mN{t) in A^^/^[— |, |] given TOAr(— fiV^/'') = niN- For any fixed i] £ [— §, |], 
we de note by V^ the law of mAr(i) in N^^^[r], f ] given mNi'nN'^/^) = niN- For H^(/), / C M, as in 
(2.11), we prove the following result. 



Theorem 7.1. For any 77,7 > small enough and 7' > 7 > 0, 



N-Kx, |mN-ni+(0)|<JV 2+-- 



^w|h+ (ivi 



(7.1) 
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^!i?„^„.„-„.*(^»(,»i))l<»-i'- ''" "v '"' 



-^ ("'["•!]) 



For anyi]£ [-f , f ),. 7' > 7. 



i™,l|™„-™_(.„(,^f))|<iV"i+-^^i^7''^' 



-'(-[-ID 



= 1. 



Theorem |7.2| provides a connection between the critical and the stable regions. 



(7.2) 



(7.3) 



Theorem 7.2. There is c > so that for any T large enough, 7, r/, e > 

Iinisup7'^||yw(-T)-T|>e H+ ({-TyTV^/a}^ | < g-c.^T 

and 






\YN{T)-T\<e]<e 



-ce^T 



(7.4) 
(7.5) 



For the proof of Theorem 7.1 and 7.2 see Section 2.5 in |Cal 



8 Conclusion of the Proof of the main result 



At this stage Theorem 2.3 is an almost direct consequence of Theorem |3.1[ Proposition 3.5 and 



Proposition 3.6 that we are going to prove. 



Proof of Theorem |3.l[ Let us fix 7, e > small enough. Recalling that Vn is the law of m{t) with 
m{—TTNi/2) = niN, suppose \mN — m+(/iAr(0))| < A^^^/^+t, then, for any fixed 77 > 0, 



rN{\Y{-T) -T\>e}< T'at {(h+ [{-vN'/'})y} + Vn {\Y{-T) - T\ 



-T -1' > e 



nt,{{-riN'/'})} 



thus the result follows from (2.12) and (7.4). 



D 



Proof of Proposition 3.5, For V^ _j^ and VL^^ as defined in Section [ 4} 'P !^-T,y{YN G £^} = 
V^ _rp y{YN G fy } and 'P-T,y{Y £ £j,} — VLj- {Y e 1?^}, thus Proposition 3.5 follows directly from 
Proposition |4.3| D 



Proof of Proposition 3.6, For any 77,7 > 0, H^{I), / C M, as in (2.11), we have 






Ar2/3 



V, 



nt (n^/^ 



YNe£+} 



n 



+ VN{{n+/, {{vN'^'})y I \Y^{T) -T\<e] 
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then the plus case of ( 3.21 ) follows from ( 7.5 ) and ( 7.2 1 . Analogously, for any i],'^, n' > jjl mdependent 
of A^, we have 






iV2/3 



Fat e £y I 



■n, 



n 



7/2 



{^I'TN'/^}^ } 



thus the minus case of (3.211 follows from (6.2) and (7.3), since fi'TN^^^"^ « r/ for large N. 



Yn eS^^ 
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Lemma 8.1. We ha 



lim lim 

T— »-oo Af— i-oo 



VnxYn £ £rj.j ~ l|a-T|<e 'PN-T,y{YN ^ ^T } 



(8.1) 



and 



lim lim 

T-^ao Af-foo 



VnxYn G 5-p U £j, I — l|j^_T|<e VN-T.yxYN G 5y U Sj. } 



0. 



Proof. We prove only (|8.1[).We show at first that, for any fixed y : \y — T\ < e, e > small enough. 



lim lim 

T—foo Af-s-oo 



Vn {Yn e £^ I \Yn{-T) -T\<e)- VN,-T,y{YN e £^} 



= 0. 



(8.3) 



We have 



inf rN.-T.y{£T} < 'Pn {£t I \Y{-T) -T\<e}< sup VN.-T.yiSr} 

\y-T\<e \y-T\<e 



thus, in order to prove (8.3), it is sufficient to show that, for any couple y, y : |j/ — Tj, |j/ — T| < e 





lim lim I'Pat -T.yl'^T } ~ ^^^ -^.^I^t } I 



(8.4) 



.4) follows since, for Y{t),Y{t) solutions of ( |5.1[ ) starting at — T respectively from y, y, by Proposition 
3.61 we have 



N 



lim \VN,-T,y{YN e £^} - V-T,y{Y G ^ ^ } | = 



and, by Proposition 5.16 



lim \V^T v{Y e £^} - V-T v{Y (^ £t}\ ^ 



(8.5) 
(8.6) 



thus ^M follows from (p75| and (8.6). We have, now 



Vn{Yn G f ±} - Vn{Yn G £± I |lW(-r) - T| < e}| < 2pAr{|rjv(-T) - T| > e}. 

From Theore m |3.1 1 we know that the term in ( |8.7[ ) is vanishingly small for large T, then ( |8.1[ ) directly 
follows from (8.3). D 



Conclusion of the proof of Theorem 2.3, We just need to prove (2.13) since the proof of (2.12) 
has been proved in SectionJTJas a part of Theorem 7.1 (see (7.1)). 
Let us suppose \mN — 7n+(0)| < N'^/'^+^ . We have 



<Vn{{h^{ 

+Vn { [h^ 



"2. 

7V2/3 
7V2/3 



)]~Vn{Yn^£t] 
Yn^£t] 
£^} 



IatG 



(8.7) 



'VN{YNi£^y^£T] 
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From (3.20), (3.151 and (8.2| we have 



lim lim Vn\Yn iS^iiSr] =0. 



From Proposition 3.6 we know that the terms in (8.7) and ( |8.8[ ) are vanishingly small for large T and 

77, Jl)|-l|,y_T|<e^JV,-T,y{lwefT} =0- (8-9) 



N, thus, from (8.1 1 we have 

Vn {n^ [n^^^ 



lim lim 

T-i-oo N->-oo 



Suppose \y -~T\ < e, Y{t) as in Proposition |3.6[ then 

Vn^^tA^N e £±} -P±| < \VN,-T,y{YN G £ ± } - V-T,y{Y € £^} 

+ V-T,y{Y e £^} - p± 



then (2.131 follows from (8.9), (8.10), (3.18) and (3.19) 



(8.10) 



n 



A Appendix 

In this paper we mainly make use of techniques of comparison with Gaussian Processes. In this 
Appendix we provide some Gaussian Inequalities and a comparison Lemma. 

Marcus-Shepp inequality for Gaussian processes. There is a classical result of Landau and 
Shepp (LS, and Marcus and Shepp |MS| that gives an estimate on the probability for a general centered 
Gaussian process of escaping from a large ball. If X{t) is an a.s. bounded, centered Gaussian process 
of variance a^ (t) , then 

lim — InT' I supX(t) > A I = -— ^ with ct| := supa'^{t) (A.l) 

A^oo A^ 1^ tei ) 2a J tei 

An almost immediate consequence of ( A.l[ ) is that for any A large enough, S small enough, 

7,/supra>Al<2e-^(i-^). (A.2) 

I t cr{t) J 



Small Deviations for Gaussian Markov Processes. We give a result of Li (see [Ll]) dealing 
with the probability, for a Gaussian Markov process, of escaping from a small ball. Let X{t) be a 
continuous centered Gaussian Markov process of covariance cr{s,t) ^ ior to < s < t < ti. We can 
write (T(s,i) = G{s)H{t) with G,H > and G/H non decreasing on (to,ti), then 



lime^lnT?*^ sup \X{t)\<e 



to<t<ti 



{G'H - H'G)dt. 



We apply (A. 3) to processes of the kind 

Xit) 
we get 



-/X^)'^^du.„, h<t<t^, 



to 



lim e^ log 7? J sup \X{t)\ < e 



to<t<ti 



1-e 



- fto "(s) ds 



(A.S) 



(A.4) 



(A.5) 
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Comparison with Gaussian Processes. In the thesis we repeatedly make use of a comparison 
argument comparing the solution of a linear SDE with the solution of a more general SDE, let us see. 
Let Xt be a solution of the problem 

dXt = {a{t)Xt + h{t))dt + idwt, (A.6) 

with a, b : M+ — > M bounded on bounded intervals and ^ G M, then X{t) is a Gaussian process of the 
form 

X{t) = X{to) e^*o "'^'^ '^^ + b{s) e^^ "("^ *' ds + U e^^ "("^ ''"dw,. 

J to Jto 

Consider, now, the processes x{t) solution of 

dxt = c{xt, t)dt + ^dwt 



with the same noise of (A.6), c : M x M+ -^ M globally Lipschitz. 



Lemma A.l. For X{t),x{t) as above we define 6t '■— c{Xt,t) — [a{t)Xt + b{t)], At := Xt — Xt, and 
let T e M+ be a generic random variable. Suppose 

sign(AT-) = sign((5r) or A^ ~ 0, 

then 

sign(Aj) — sign(^f) for any t < t < inf{s > t : dg = 0} a.s. 

Proof. We have 

dAt = {a{t)At + 6t)dt 

thus, for any r > 

rt 

A(t) = A{T)e-l'>'''^'^'+ / (5(s)e-/'X")'^"ds 



then follows the result. D 
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